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The wave-induced chaotic radial transport of energetic electrons has been observed in a laboratory
terrella, the Collisionless Terrella Experiment~CTX! @H. P. Warren and M. E. Mauel, Phys. Plasmas
2, 4185~1995!#. In the experiment electron-cyclotron-resonance heating~ECRH! is used to create
a localized population of trapped energetic electrons which excite drift-resonant electrostatic
fluctuations. Measurements with multiple high-impedance floating potential probes are used to
determine the amplitude, frequency, and mode structure of the observed fluctuations. Energetic
electron transport is observed with gridded particle detectors. Poincare´ surfaces of section indicate
that increases in the flux of energetic electrons to the detectors occur only when fluctuations which
meet the conditions for global chaos are present. Quasilinear transport simulations do not reproduce
several important features of the experimental measurements. In contrast, Hamiltonian simulations
reproduce many of the salient temporal characteristics of the experimental measurements and
indicate that the persistence of phase-space correlations plays an important role in the energetic
electron transport observed in the experiment. ©1996 American Institute of Physics.
@S1070-664X~96!91405-X#

I. INTRODUCTION

Understanding the transport of energetic particles is a
fundamental problem of laboratory, astrophysical, and space
plasmas. Of particular interest is transport in collisionless
plasmas driven by non-linear wave-particle resonances. For
example, chaotic radial transport which preserves the first
two adiabatic invariantsm andJ but breaksc is an essential
mechanism for both the injection of particles into the Earth’s
magnetosphere and their acceleration.1 This transport is
driven by sudden, large-scale perturbations in the Earth’s
geomagnetic and convection electric fields caused by varia-
tions in the solar wind and interplanetary magnetic field.2

Previously we reported the first observation of wave-
induced chaotic radial transport in a laboratory terrella ex-
periment, the Collisionless Terrella Experiment~CTX!.3,4

One of the primary goals of CTX is to study the process of
chaotic radial transport in dipole magnetic fields which pre-
serves the first two adiabatic invariantsm andJ.5 In particu-
lar, these experiments investigate the relationship between
fluctuation spectra and models of energetic particle transport
and provide the first laboratory tests of Hamiltonian methods
which can be used to simulate transport in collisionless plas-
mas.

In the experiment electron-cyclotron-resonance heating
~ECRH! is used to create a highly localized population of
magnetically trapped energetic electrons.6 While the ECRH
is on, the energetic electrons excite quasiperiodic bursts of
electrostatic fluctuations which resonate with the preces-
sional drift motion of the trapped particles. Drift-resonant
electrostatic waves are also observed during the afterglow of
the plasma discharge, when the ECRH has been turned off.

During both times, the observed fluctuations have a compli-
cated time-dependent frequency content.

By computing Poincare´ surfaces of section we find that
during the instability bursts the measured spectral character-
istics of the drift-resonant fluctuations meet the conditions
required for global chaotic particle transport. Coincident
with the instability bursts, energetic electron transport is ob-
served with gridded particle detectors located outside the hot
electron ring. The observed transport is strongly modulated
at frequencies related to the precessional drift-frequency of
the energetic electrons. During the afterglow, Poincare´ sur-
faces of section indicate that the instability wave spectrum
does not satisfy the conditions for global chaos and no en-
hanced transport is observed experimentally.

The Poincare´ surfaces of section which model particle
motion during the instability bursts show that phase space is
strongly chaotic and suggest that quasilinear theory should
be applicable. However, in order to model the spatial and
temporal evolution of particle fluxes observed in the experi-
ment, simulations using the guiding center drift Hamiltonian
are necessary. One such simulation involves computing the
flux of equatorial particle trajectories to a small region of
phase space which represents the particle detector. This
simulation reproduces the modulation depth and frequency
of the experimentally observed electron flux. When the re-
sults of the Hamiltonian transport simulation are compared
with a simple quasilinear transport model we find that the
predictions of the quasilinear model do not reproduce the
experimentally observed modulations and underestimate the
maximum particle fluxes measured in the experiment.

II. THE COLLISIONLESS TERRELLA EXPERIMENT

The CTX experimental device consists of a dipole elec-
tromagnet suspended mechanically in an axisymmetric alu-
minum vacuum vessel 1.4 m in diameter. The magnet is sup-
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ported by a stainless steel casing which houses the electrical
and cooling leads. The strength of the dipole magnetic field
is approximately 15 kG at the face of the magnet and falls off
to less than 50 G at the wall. The magnetic field lines and
mod-B surfaces of the dipole magnet used in CTX and are
shown in Fig. 1.

A pulse of microwaves lasting approximately 0.5 s is
used to break down and heat hydrogen gas which is puffed
into the vacuum chamber both at the beginning and during a
discharge. The microwave source is a continuous wave mag-
netron which has a peak output of 1.5 kW at a frequency of
2.45 GHz. The electron gyrofrequency equals the frequency
of the applied microwaves along the surface defined by
B0[B.875 G. The equatorial field strength of the dipole
magnet has this value at a radial distance ofR0[R.27 cm
and this defines the center of the hot electron ring or artificial
radiation belt.

Plasma diagnostics include a series of Langmuir and
high impedance floating potential probes situated at five lo-
cations throughout the vacuum vessel. The probes can be
repositioned radially to examine the density and potential
fluctuations at different flux surfaces. Multiple probe mea-
surements allow the direction of propagation, the azimuthal
mode number and radial mode structure of the observed fluc-
tuations to be determined.

A krypton proportional counter is positioned at the mid-
plane of the magnetic field and is used to measure hard x-ray
emission at energies between 1–60 keV. The counter is col-
limated to view the equatorial region of the dipole magnetic
field. X-ray spectra are collected and stored at 50 ms inter-
vals during the plasma discharge.

Gridded particle detectors are located inside the vacuum

chamber both near the equatorial midplane and in the polar
region. The equatorial particle detector is supported by a
metal rod which extends from the vacuum chamber wall and
can be repositioned to measure particle flux at different ra-
dial positions. There are five polar particle detectors which
are situated so that the magnetic field at each detector is the
same. The gridded particle detectors are biased to repel ions
and electrons with energies less than 100 eV.

Five Faraday cups are also located in the polar region of
the dipole magnetic field. The Faraday cups are situated to
view the same field lines as the polar gridded particle detec-
tors but rotated 90° in azimuthal angle. The Faraday cups are
biased to repel ions.

Three photodiodes are positioned to measure radiation
emitted from the plasma at wavelengths from 400–1100 nm.
The photodiodes can be collimated to look at the inside of
the hot electron ring (R,27 cm), the center of plasma
(27 cm,R,54 cm), and the outside of the plasma
(R.54 cm).

III. EXPERIMENTAL OBSERVATIONS

The intensity of the hot electron population is character-
ized by the hard x-ray emission produced by electron-ion and
electron-neutral bremsstrahlung. A fraction of these x-rays
are detected with the krypton proportional counter. The ob-
served distributions are non-Maxwellian, characteristic of
microwave-heated electrons.7 The electrons with energies
between 1–10 keV are referred to as the ‘‘warm’’ popula-
tion, and electrons with energies above 10 keV are referred
to as the ‘‘hot’’ population. When the microwave power is
switched off, the ‘‘hot’’ population persists for 5–20 ms, de-
fining the discharge ‘‘afterglow.’’

When an intense hot electron population is produced,
drift-resonant fluctuations (v;vdh) are observed both while
the ECR heating is on and in the afterglow. During the heat-
ing, the fluctuations occur in quasiperiodic bursts lasting ap-
proximately 300–500ms. During the afterglow, the drift-
resonant oscillations persist for as long as several
milliseconds. At both times, the observed instabilities propa-
gate azimuthally in the direction of the electron¹B drift, are
flute-like with a constant phase along a field-line, and have a
broad radial structure extending throughout the plasma. The
saturated amplitudes of the floating potential oscillations
present at both times are similar, typically 1002200 V.

Fourier analysis indicates that the quasiperiodic bursts
consist of incoherent, broad-band fluctuations with frequen-
cies typically below 2 MHz, although some particularly in-
tense bursts have frequencies as high as 5 MHz. The insta-
bilities observed during the afterglow are more coherent than
those observed during the ECRH and have a higher range of
frequencies,f; 1–12 MHz.

The fluctuations observed during the ECRH also differ
from those observed in the afterglow in terms of their azi-
muthal mode number. During the quasiperiodic instability
bursts, the azimuthal mode number is usually limited to
m51, except in the most intense bursts when some high-
frequency,m52 modes are observed. In the afterglow,

FIG. 1. The magnetic field geometry of CTX. The solid lines represent
magnetic field lines and the dotted lines represent surfaces of constant mag-
netic field. The location of several plasma diagnostics and the approximate
location of the hot electron ring are also shown.
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m<6, and there are often multiple waves with the same azi-
muthal mode number present simultaneously.

The drift-resonant fluctuations observed in the experi-
ment are related to the hot electron interchange instability
that has been observed in other ECR heated magnetic mirror
experiments.8,9 The linear theory of the hot electron inter-
change, assuming slab geometry and a monoenergetic distri-
bution of electrons, was developed by Krall10 for v!vci and
by Berk11 for v;vci and the characteristics of the observed
fluctuations are generally similar to those predicted by these
simple theories.

Coincident with the bursts of wave activity observed
during the ECRH are increases in the flux of energetic elec-
trons to the equatorial gridded particle detector and the polar
gridded particle detectors. As shown in Fig. 2, the radiation
detected by the center photodiode also rises significantly dur-
ing the instability bursts and is diminished between them.
This last fact is particularly interesting. Recall that the use of
microwave heating leads to a highly localized plasma. Be-
yond the hot electron ring the density of neutral hydrogen
should increase rapidly. As the drift-resonant fluctuations
drive energetic electrons out radially, they can ionize the sur-
rounding neutral gas. Also recall thatm and J conserving
radial transport leads to an adiabatic decompression with par-
ticle energy decreasing as;1/R3. This increases the Cou-
lomb cross section and makes both electron-neutral and
electron-ion collisions more frequent.

The characteristics of the transport measurements sug-
gest a definite relationship between the spectral content of
the waves and the observed energetic particle flux. The level
of the electron flux is not simply related to the amplitude of
the fluctuations but depends on the spectral content of the
wave. Also note that the energetic electron flux observed
both with the equatorial gridded particle detector and the

Faraday cups is strongly modulated at frequencies related to
the precessional drift-frequency electrons. The connection
between the spectral content of the fluctuations and the elec-
tron flux will be examined in detail in the next section.

IV. WAVE-INDUCED PARTICLE TRANSPORT

The interaction of energetic electrons with the drift-
resonant electrostatic waves observed in the experiment can
be described by the guiding center drift Hamiltonian12:

H5
mec

2e
r uu
2B21m

cB

e
2cF, ~1!

whereme ande are the electron mass and charge,c is the
speed of light,B is the magnitude of the dipole magnetic
field, m[mv'

2 /2B is the magnetic moment,r uu[v uu /B, and
F is the electrostatic potential. For a curl-free magnetic field,
the canonical coordinates of the guiding center drift Hamil-
tonian, (r uu ,x), and (c,w), are essentially the magnetic co-
ordinates defined by:B5¹c3¹w5¹x. The function
c5M sin2 u/R is proportional to the magnetic flux bounded
by a field line and the functionx5M cosu/R2 is related to
the distance along a field line. Note thatM[B0R0

3 is the
moment of the dipole magnet and (R,w,u) are spherical co-
ordinates. Also note that the guiding center drift Hamiltonian
is appropriate since energetic electrons produced in the ex-
periment are non-relativistic.

When the particle motion is confined to the equatorial
midplane of the magnetic field,r i5x50,B5B(c), and the
equations of motion are reduced to a particularly simple
form. In general, particles will have a finite parallel velocity
and will not be confined to the equatorial midplane. How-
ever, the precessional drift-frequency is only weakly depen-
dent on pitch angle1 and the results presented here would not
be significantly altered by including parallel velocity.

The experimental observations described in the previous
section indicate that the observed fluctuations can be mod-
eled as a sum of traveling waves of the form:

F~w,t !5
F0

AS (
m,l

N

aml cos~mw2v l t1w l !, ~2!

where S 5(mluamlu2. The relative amplitudes, azimuthal
mode numbers, frequencies, and phases are determined from
the Fourier analysis of experimentally measured Langmuir
probe signals. The waves observed in the experiment have a
time-dependent frequency content, however, typically
tdhd log(aml)/dt!1 and here we consider transport processes
which occur on the time scale of several drift-periods.

For a single electrostatic wave the island half-width,
Dc, at the resonant surface defined byv l

2 mvdh(m,c lm
r )50, is given by:Dc.(2cF0c lm

r /vdh)
1/2.

When multiple drift-resonant waves with sufficiently large
amplitude are present, islands will overlap and lead to cha-
otic transport. The topological properties of particle trajecto-
ries can be determined by constructing the Poincare´ surface
of section which is formed by plotting (c,w) at multiples of
the mapping time. For a spectrum of waves, the mapping
time is the least common multiple of the periods of the wave
motion: TM5LCM(Tl52p/v l).

13 In practice, the frequen-

FIG. 2. Simultaneous measurements of drift-resonant fluctuations and ener-
getic electron transport during the microwave heating.~a! Floating potential
oscillations illustrate intense, quasiperiodic bursts correlated with~b! rapid
increase of electron flux to the Faraday cup and~c! visible photon emission
from the plasma measured by the center photodiode.
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cies are rounded off to keepTM from becoming too large.
The equations of motion are integrated using the Gragg-
Burlish-Stoer implementation of Richardson extrapolation.14

An example of a fluctuation spectrum used to model the
electrostatic potential observed during the afterglow is
shown in Fig. 3a. For electrons with energies above
mB0'10 keV this spectrum leads to resonant wave-particle
interactions. However, as the Poincare´ surface of section
shown in Fig. 3b illustrates, the thin bands of chaos inc are
limited to the proximity of the hot electron ring and do not
extend out to the radial location of the gridded particle de-
tector unless the amplitude of the potential fluctuations is
very large.

A number of model fluctuation spectra have been con-
structed to model the potential fluctuations observed during
the ECRH. For the wave spectrum shown in Fig. 4a, which is
taken from the initial part of an instability burst, drift-
resonances exist for electrons with energies between 1–10
keV ~i.e., the ‘‘warm’’ electrons! from the center of the hot
electron ring to the wall of the vacuum chamber. As shown
in Fig. 4b, this spectrum of waves leads to chaos inc over
the radial extent of the plasma. Examination of the phase
space portraits indicates that when the wave amplitude is
above F0'75 V, there are no encircling Kolmogorov-
Arnol’d-Moser ~KAM ! surfaces15 preventing global trans-
port.

In order to demonstrate the relationship between the

modulation of the current and the spectral content of the
observed fluctuations, we have simulated the time-evolution
of the flux of electrons to a small region of phase space
which represents the particle detector. In the simulation, we
randomly selected an ensemble of 5000 particle trajectories
that are at the ‘‘gridded particle detector’’ at timet5T. Us-
ing spectral information from the experiment to construct the
electrostatic potential in the form of Eq.~2!, the equations of
motion are integrated backwards in time fromt5T to t50
and the probability that the trajectory came from an assumed
hot electron distribution,Fh(m,c), is computed. This pro-
cess is repeated in order to compute the current as a function
of time.

The result of one such simulation is presented in Fig. 5
where it is compared with the corresponding energetic elec-
tron flux measurement from the experiment. Also shown in
Fig. 5 is the Fourier transform of the simulated and measured
electrostatic fluctuations as well as the Fourier transform of
the simulated and measured energetic electron flux. The
simulation successfully reproduces the frequency of the ob-
served modulations as well as the relative amplitude. Since
the phases of the measured waves and other profile param-
eters are unknown, the simulation cannot be expected to re-
produce the temporal evolution of the particle flux exactly.

We have written a simple numerical simulation in order
to compare the predictions of Hamiltonian and quasilinear
descriptions of particle transport. In the code the simulated
electron current is approximated by:

FIG. 3. A spectrum of waves taken from experimental measurements of
fluctuations observed during the afterglow and a corresponding Poincare´
surface of section. The chaos is localized to a thin, radially localized band
near the hot electron ring and consistent with the absence of electron flux to
the particle detector. The magnetic moment,m, is chosen so that
mB0510 keV; other parameters areF05150 V,N510, andTM5100 ms.
Note that the surface of section is plotted in (R,w) coordinates.

FIG. 4. A spectrum of waves taken from experimental measurements of
fluctuations observed during the ECRH and a corresponding Poincare´ sur-
face of section. The fluctuations spectrum leads to chaos inc over the radial
extent of the plasma. The magnetic moment,m, is chosen so that
mB054 keV; other parameters areF05150 V, N510, andTM5100 ms.
Note that the surface of section is plotted in (R,w) coordinates.
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I ~ t !'eAE d3vvFh~m,cd ,t !;eAn0a~cd ,t !^v&, ~3!

where ^v& is the average velocity of particles reaching the
detector. The functiona(c,t) evolves according to a
diffusion-like equation:

]a

]t
5

]

]c
D̄cc

]a

]c
2

a

tL
u~c2cd!, ~4!

where D̄cc is the diffusion coefficient averaged over reso-
nant velocities. The second term in Eq.~4! models particle
losses due to the probe andu(c2cd) is the unit step func-
tion. The boundary conditions are set so that the solution
goes to zero at the wall and the magnet casing.

The diffusion coefficient can be determined from inte-
grating the equations of motion. In this case the diffusion
coefficient is computed using the formula:

D̄cc5
^~c~ t !2c~0!!2&

2t
~5!

and the numerically determined value is used in the quasilin-
ear simulation.

The result of a single run representative of the quasilin-
ear simulation is shown in Fig. 6 where it is compared with
the result from the corresponding Hamiltonian simulation.
Significantly, the predictions of the quasilinear model do not
reproduce the experimentally observed modulations and un-
derestimate the maximum particle fluxes measured in the
experiment.

V. SUMMARY AND DISCUSSION

This paper describes the experimental observation of
wave-induced chaotic radial transport of energetic electrons
in a laboratory terrella. In the experiment ECRH is used to

create a localized population of energetic, magnetically
trapped electrons. The trapped electrons excite quasiperiodic,
drift-resonant fluctuations which are identified as the hot
electron interchange instability. Increases in the flux of ener-
getic particles to both the gridded particle detector situated
near the equatorial midplane and the array of particle detec-
tors located in the polar region are well correlated with the
presence of the fluctuations. The radiation detected by the
center photodiode also rises significantly during the instabil-
ity bursts and is diminished between them. The measured
particle fluxes are modulated at frequencies related to the
precessional drift motion of the energetic electrons.

This paper has also presented the detailed results of nu-
merical simulations based on the guiding center drift equa-
tions which model transport processes observed in the ex-
periment. Most significantly, the simulations confirm that the
observed transport is the result of non-linear wave-particle
interactions: transport is only observed when the wave-
spectrum meets the conditions for global chaos; no transport
is observed when the fluctuations lead to thin, radially local-
ized bands of stochasticity.

The results of Hamiltonian simulations which explore
the temporal details of the observed particle transport have
also been presented. The relationship between chaotic mix-
ing and the experimental measurements has been demon-
strated by a simulation which models the flux of energetic
particles to a small region of phase space. The simulation
reproduces the frequency and depth of the observed modula-
tion. In contrast, quasilinear models of transport do not re-
produce the modulation of the particle flux and underesti-
mate the maximum particle fluxes observed in the
experiment.

The simulations described here model transport pro-
cesses which occur on the time scale of several drift-periods.
This time scale is short when compared with the evolution of
an entire instability burst. Future research will focus on cou-
pling transport simulations to a dispersion relation for the
instability in order to investigate the self-consistent, non-
linear evolution of the plasma. This will allow us to address
some of the unresolved questions related to the saturation of
the instability and the chirping of the wave frequencies.

FIG. 5. A comparison of experiment and a simulation which reproduces the
gross frequency and depth of the modulation.~a! Detected energetic electron
flux, and~b! Fourier transform of the detected flux.

FIG. 6. A comparison of the experimental observation with the predictions
of a quasilinear transport simulation. The predictions of the quasilinear
model lack the large-scale modulations seen in the experimental data and
underestimate that maximum observed particle fluxes.
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